Abstract. We prove that every bounded, positive, irreducible, stochastically continuous semigroup on the space of bounded, measurable functions which is strong Feller, consists of kernel operators and possesses an invariant measure converges pointwise. This differs from Doob's theorem in that we do not require the semigroup to be Markovian and request a fairly weak kind of irreducibility. In addition, we elaborate on the various notions of kernel operators in this context, show the stronger result that the adjoint semigroup converges strongly and discuss as an example diffusion equations on rough domains. The proofs are based on the theory of positive semigroups and do not use probability theory.
Introduction
One of Doob's celebrated theorems states that, given an irreducible, strong Feller, stochastically continuous, Markovian transition semigroup (T (t)) t≥0 on the space B b (Ω) of bounded, measurable functions, where Ω is a Polish space, with invariant probability measure µ, the transition probabilities converge to µ [Doo48] , see also [DPZ96, §4.2] . This implies that the invariant measure is unique. The conclusion of Doob's theorem can be formulated equivalently by saying that T (t)f → Ω f dµ pointwise on Ω for all f ∈ B b (Ω) as t → ∞. Later, this result has been strengthened, proving that in fact T (t) ′ ν → µ for any probability measure ν on Ω in the total variation norm [Sei97, Ste94] . Applications of this theorem include elliptic equations with unbounded coefficients in R N [MPW02] , e.g. Ornstein-Uhlenbeck semigroups [DPL95] , and infinite-dimensional diffusion [PZ95] .
Since the original motivation for investigating such convergence behavior and most examples to which Doob's theorem applies stem from probability theory, it is only natural that the known proofs are of probabilistic nature. We consider it worthwhile to take a look at the result from a more abstract viewpoint, which is strongly influenced by the theory of positive semigroups. Doob's theorem can be obtained rather easily from a very general result due to Greiner [Gre82] about convergence of positive semigroups on L p -spaces, see Section 4. We regard this as interesting by itself. Moreover, by using this different approach we are able to generalize Doob's theorem. On the one hand, we can relax the usual irreducibility condition. On the other hand, and maybe more importantly, we do no longer require the semigroup to be Markovian, but only assume that the semigroup is positive and bounded. See Theorem 4.6 for our main result.
Another motivation is to make Doob's theorem more accessible to people not working in probability theory, translating the assumptions of the theorem into a more functional analytic language. For example, even though it is natural to assume that the semigroup possesses transition probabilities if one thinks of stochastic processes, such a condition is unnatural and can be hard to verify for other classes of semigroups, for example for semigroups arising from partial differential equations. Fortunately, we are able to show in Section 3 that for strong Feller semigroups the existence of transition probabilities is equivalent to the assertion that the semigroup has an integral kernel representation, the existence of integral kernels being a wellstudied topic in the theory of differential equations. We show in Section 5 by a simple example how this equivalence helps to apply Doob's theorem to diffusion semigroups.
Let us compare the conditions of our version of Doob's theorem with those of the classical one. In [DPZ96, §4.2] the semigroup T = (T (t)) t≥0 is assumed to be t 0 -regular for some t 0 > 0, i.e., for every 0
, the space of continuous bounded functions, and T is t 0 -irreducible, i.e., (T (t 0 )1 B )(x) > 0 for all x ∈ Ω and every non-empty open B ⊂ Ω, then T is (t 0 + s 0 )-regular. Indeed, this is the most common way to check that a semigroup is t 0 -regular for some t 0 > 0. But in fact a positive t 0 -regular semigroup is necessarily t 0 -irreducible in a sense made precise in the following remark. In this sense the classical version of Doob's theorem assumes t 0 -irreducibility. Remark 1.1. Let Ω be a Polish space. Then every positive t 0 -regular semigroup with invariant measure µ is t 0 -irreducible up to neglecting a µ-nullset. In fact, let T be t 0 -regular and denote by U the union of all open µ-nullsets. Then
hence (T (t 0 )1 B )(x) > 0 for all x ∈ Ω since T is t 0 -regular. This proves that neglecting the nullset U , we obtain a t 0 -irreducible semigroup.
We show that for strong Feller Markov semigroups we can drop the assumption of T being t 0 -irreducible if we already know that the invariant measure µ is strictly positive, i.e., µ(B) > 0 for every non-empty open B ⊂ Ω, and if we require Ω to be connected, see Theorem 4.6 and Proposition 4.3. If we do not assume the semigroup to have a fixed point, the invariant measure to be strictly positive, or if we allow Ω to be disconnected, we have to assume some kind of irreducibility, namely that there is no closed set ∅ = A Ω such that the closed ideal {f ∈ B b (Ω) : f |A = 0} of B b (Ω) is invariant under the action of T . This notion of irreducibility is weaker than t 0 -irreducibility.
Moreover, we show that the adjoint semigroup converges strongly on the space of measures, i.e., lim
for every finite Borel measure ν, see Theorem 4.10. This is the generalization of the above mentioned result by Seidler [Sei97, Prop 2.5] and Stettner [Ste94, Thm 1] to our setting. Before proving our main theorem in Section 4, in Section 3 we discuss the assumption that T ′ (t)δ x be a measure for all x ∈ Ω. Operators possessing this property are frequently called kernel operators, whereas in some other areas of mathematics, particularly in the theory of partial differential equations, the term kernel operator is reserved for the class of operators admitting an integral representation of the form
for a jointly measurable function k : Ω×Ω → R, where the equality is understood to hold for almost every x ∈ Ω. We show that for strong Feller semigroups admitting a strictly positive invariant measure these two notions coincide, see Theorem 3.4, so in the context of our article there is no danger of confusion regarding these different notions. This equivalence of different notions of kernels operators might be of independent mathematical interest, compare for example [Buk78, AB94] where descriptions of kernel operators are given. Part of this characterization is also needed for the proof of our main result.
Notations
Let us first fix some notation that will be used throughout. By Ω we always denote a Hausdorff topological space. We write B b (Ω) for the space of bounded Borel measurable functions on Ω and C b (Ω) for the space of bounded continuous functions on Ω.
Definition 2.1. Let µ be a positive, finite Borel measure on Ω. We say that µ is Instead, it will be sufficient to assume that there is no closed set ∅ = A = Ω such that the closed ideal {f ∈ B b (Ω) : f = 0 on A} is invariant under the action of the semigroup, which is a mild irreducibility assumption.
The following definition of a kernel operator is motivated by the use of this name in differential equations. Even though the usage of this term varies among the different fields in mathematics, all common notions agree for strong Feller operators at least up to taking powers of the operator, cf. Theorem 3.4. 
for µ-almost every x ∈ Ω.
Characterizations of kernel operators
In this section we compare our definition of kernel operators with related notions. We need some preparatory results first. Proof. Let B be countable basis of Ω that is closed under finite unions and contains Ω. Since T is a kernel operator, there exists a µ-nullset N ⊂ Ω such that
Let (A n ) be a sequence of Borel sets such that lim µ(A n ) = 0 and define
and hence µ-in measure. Therefore, after passing to a subsequence, we may assume that
Since {g n < 1/n} is open, for every n ∈ N there exists B n ∈ B such that B n ⊂ {g n < 1/n} and µ(B n ) ≥ µ({g n < 1/n}) − 1/n. Hence, lim µ(B n ) = µ(Ω) and thus, after passing to a subsequence, 1 Bn (x) → 1 for almost every x ∈ Ω. By (3.1) this proves that lim(T 1 Ω\Bn )(x) = 0 for all x ∈ Ω \ N . Since
this proves the claim. Proposition 3.2. Let Ω be second countable, T a positive strong Feller operator, and µ a strictly positive, finite, T -invariant Borel measure on Ω. If T is a kernel operator, then for every x ∈ Ω there exists a finite positive Borel measure µ x such that
Proof. For every x ∈ Ω and every Borel set
and µ x is finitely additive for all x ∈ Ω. By Lemma 3.1, there exists a nullset N ⊂ Ω such that µ x is σ-additive if x ∈ Ω \ N . Since Ω \ N is dense in Ω and
holds for every x ∈ Ω and every Borel set A ⊂ Ω, µ x is a measure for all x ∈ Ω by the Vitali-Hahn-Saks theorem [DS58, Cor III.7.4]. Hence
holds for every simple function f ∈ B b (Ω) and thus for every f ∈ B b (Ω).
The idea of the following proposition is essentially taken from [Hai09] . Nevertheless, we include a proof here in order to be more self-contained. 
Then for each c ≥ 0 the family
Proof. Let x ∈ Ω, c ≥ 0, and
Since L 1 (Ω, µ) is separable [Fre04, 365Xp] and the sequence (f n ) is uniformly bounded, there exists f ∈ B such that
after passing to a subsequence. In particular,
which proves equicontinuity of B.
The following characterization of kernel operators is the main result of this section. As a consequence of this theorem, a strong Feller semigroup consists of kernel operators if and only if it has a representation via transition probabilities. such that
Proof. 
This is trivial.
Remark 3.5. If the semigroup is merely eventually strong Feller, the assertions of Theorem 3.4 remain equivalent if in each assertion "for all t > 0" is replaced by "for sufficiently large t > 0". Remark 3.6. Assertion (i) of Theorem 3.4 implies that the extension of the semigroup to L 1 (Ω, µ) consists of kernel operators. In fact, the representation of Definition 2.5 is valid for bounded functions and by the monotone convergence theorem, the same representation remains valid almost everywhere for general f ∈ L 1 (Ω, µ).
Remark 3.7. If the semigroup is eventually bounded, i.e., sup t≥τ T (t) < ∞ for some τ > 0, assertion (vi) of Theorem 3.4 implies that {T (t)f : t > t 0 } is equicontinuous for all f ∈ B b (Ω) and sufficiently large t 0 > 0.
The following measure theoretic corollary may be interesting in its own right. Given an integral representation of a semigroup it allows us to find an (Ω × Ω)-measurable kernel for which the representation holds pointwise. 
Proof. Let t > 0 and fix be countable basis B of Ω that is closed under finite unions and contains Ω. Since T (t) is a kernel operator, there exists a µ-nullset N ⊂ Ω such that (T (t)1
holds for all x ∈ Ω \ N by the choice of N and the dominated convergence theorem.
Let A ⊂ Ω be a Borel set. Since µ is outer regular, there exists a sequence O n ⊂ Ω of open sets such that lim 1 On = 1 A almost everywhere. Thus, as in the previous argument,
Since every function of B b (Ω) is the uniform limit of a sequence of simple functions, we conclude that
holds for every f ∈ B b (Ω) and every x ∈ Ω \ N .
By assertion (iv) of Theorem 3.4, for every
Thus, the assertion follows withk t (x, y) := 1 Ω\N (x)k t (x, y) + 1 N (x)k t,x (y).
Main results
This section contains our main result, a version of Doob's theorem. We start with two auxiliary lemmas. Assume that ∅ = A = Ω. By hypothesis, there exists t > 0 such that (T (t)1 A )(x) = 0 for some x ∈ Ω \ A. In particular, 1 A ∈ J and T (t)1 A ∈ J since T (t)1 A is continuous, A is closed, and µ is strictly positive. This contradicts the choice of M . Thus A = ∅ or A = Ω and hence
Proof. Assume that there is no open and closed set
. The converse implication of the lemma is obvious. 
Proof. Let
Then O is open and µ(O) = 0 since Ω is second countable. Let
Assume that O = ∅. Then J = {0} and, by assumption, there exists 0 ≤ f ∈ J and t > 0 such that T (t)f ∈ J, i.e., there exists x ∈ Ω \ O with (T (t)f )(x) > 0. Hence we can choose an ε > 0 and an open neighborhood U of x such that (T (t)f )(y) ≥ ε for all y ∈ U . Since
the open set U is a nullset and therefore U ⊂ O. This contradicts the choice of x. Hence O = ∅, which proves the claim.
In the following proposition we formulate two sufficient conditions for the extension of the semigroup to L 1 to be irreducible. 
For t > 0 let A t := {T (t)1 B = 0}, which is a closed subset of Ω. Denote by
for every x ∈ Ω. This shows that A t+s ⊃ A t for all t, s > 0. Let A := ∩ t>0 A t , which is also a closed subset of Ω. Since Ω\A t is non-increasing w.r.t. t, we obtain that
which shows that the closed ideal {f ∈ B b (Ω) : f |A = 0} is T -invariant. Now assumption (i) implies that A = Ω or A = ∅. In the first case, A t = Ω for all t > 0, hence
and J = {0}. In the second case we conclude from µ(
This follows from Lemma 4.1.
The following lemma is well-known and a consequence of Proposition 3.5 and Theorem 3.8 in [AGG + 86] . Still, we include its short proof in order to be more self-contained.
Lemma 4.4. Let µ be a positive Borel measure on Ω and T = (T (t)) t≥0 a positive and irreducible semigroup on L 1 (Ω, µ) such that 1 ∈ Fix(T ′ ) and Fix(T ) = {0}. Then there exists e ∈ Fix(T ) with e(x) > 0 almost everywhere and Fix(T ) = span{e}.
Proof. Let h ∈ Fix(T ) and τ ≥ 0. Since |h| = |T (τ )h| ≤ T (τ )|h| and
we obtain that |h| ∈ Fix(T ). Thus Fix(T ) is a sublattice. Since for every e ∈ Fix(T ) the closure of the principal ideal
is closed and T -invariant, e + (x) = 0 for almost every x ∈ Ω or e + (x) > 0 for almost every x ∈ Ω. Thus elements of Fix(T ) do not change sign, which shows that Fix(T ) is totally ordered. Let 0 ≤ e ∈ Fix(T ) with e = 0. For every h ∈ Fix(T ) there exist c 1 , c 2 ∈ R such that c 1 e ≤ h ≤ c 2 e. For λ := inf{c ∈ R : h ≤ ce} ∈ R we obtain h ≤ λe. Since also λ = sup{c ∈ R : ce ≤ h}, we have h = λe.
Our main result is based on the following remarkable theorem due to Greiner, see also a more recent article by Arendt [Are08, Theorem 4.2]. 
We are now in the position to prove our version of Doob's theorem. Proof. Let f ∈ B b (Ω) and (t n ) ⊂ [0, ∞) be a sequence with lim t n = ∞. Then {T (t n )f : n ∈ N} is bounded in norm by assumption and equicontinuous by Theorem 3.4 and Remark 3.7. Therefore, T (t n )f converges to some g ∈ C b (Ω) uniformly on compact subsets of Ω after passing to a subsequence according to the AscoliArzelà theorem, see e.g. [DiB02, Thm IV.19.1c, p. 219].
By Remark 2.2, the semigroup T induces a bounded semigroup
for all 1 ≤ p < ∞ where the semigroup T 1 is contractive. Moreover, assumption (4.1) implies that T 1 is strongly continuous and we conclude from
that so is T 2 . Hence, T 2 is mean ergodic by [EN00, Ex V.4.7]. Since 1 ∈ Fix(T ′ 2 ), it follows from the mean ergodic theorem [EN00, Thm V.4.5] that Fix(T 2 ) = {0}.
By Lemma 4.4, there exists e ∈ Fix(T 1 ) with e(x) > 0 µ-almost everywhere and Fix(T 1 ) = span{e}. We may assume that e L 1 (Ω,µ) = 1. Moreover, T 1 consists of kernel operators by Theorem 3.4 and Remark 3.6. Thus, lim t→∞ T 1 (t)h exists for every h ∈ L 1 (Ω, µ) by Theorem 4.5 and we obtain that
from results of ergodic theory, see [EN00, V.4.4]. Hence the limit in the norm of
Therefore, the function g equals the right hand side of (4.2) almost everywhere whenever f ∈ B b (Ω). This implies that g does not depend on the choice of the sequence (t n ) and hence
Remark 4.7. Let us comment on the strong continuity on L 1 (Ω, µ). If Ω is separable and metrizable and if µ is a T -invariant finite positive measure for a semigroup T , then by [Bog07, Thm 7.1.7] the measure µ is inner and hence outer regular, and hence by Urysohn's lemma
is strongly continuous. This is in particular the case if T is stochastically continuous, i.e., if lim t→0 (T (t)f )(x) = f (x) for all f ∈ C b (Ω) and x ∈ Ω. So in particular for stochastically continuous Markovian semigroups on Polish spaces, which is the most common framework for Doob's theorem, our continuity assumption is satisfied.
Remark 4.8. The assumption that µ be finite cannot be dropped in Theorem 4.6. In fact, if we let T be the heat semigroup on the real line, simple calculations show that for all sufficiently large real numbers a ≥ 1 the function
has the property that lim inf t→∞ (T (t)f a )(0) < lim sup t→∞ (T (t)f a )(0).
Seidler [Sei97, Prop 2.5] and Stettner [Ste94, Thm 1] proved that the convergence in Doob's theorem can be strengthened to strong convergence of the adjoint semigroup with respect to the total variation norm. This is still true under the assumptions of Theorem 4.6 and can be obtained easily using the following lemma.
Lemma 4.9. Let Ω be second countable, T = (T (t)) t≥0 a positive strong Feller semigroup, and µ a strictly positive, finite, T -invariant Borel measure on Ω. Assume that sup t≥τ T (t) < ∞ for some τ > 0, and that for all x ∈ Ω and t > 0 there
Then the following assertions hold.
(a) The family {k t,x : t ≥ 2τ } is equiintegrable for all x ∈ Ω, i.e., for all ε > 0 there exists δ > 0 such that | A k t,x dµ| < ε for every t ≥ 2τ and each Borel set A ⊂ Ω with µ(A) < δ.
(Ω) be a bounded sequence with lim g n (x) = 0 for almost every x ∈ Ω. Then lim(T (t n )g n )(x) = 0 for all x ∈ Ω and every sequence (t n ) ⊂ [2τ, ∞).
Proof. (a) First note that k t,x ≥ 0 almost everywhere since T is positive. Let x ∈ Ω. Assume that there exists ε 0 > 0 and sequences (t n ) ⊂ [2τ, ∞) and (A n ) ⊂ Ω such that lim µ(A n ) = 0 and
This implies that
Application
In this section we apply our version of Doob's theorem to semigroups generated by elliptic operators with Neumann boundary conditions on a domain Ω ⊂ R N of finite measure. We do not impose any boundary regularity condition on Ω, but for simplicity we assume Ω to be connected.
Let Ω ⊂ R N be open and connected with λ(Ω) < ∞, where λ denotes the Lebesgue measure. Let a ij ∈ L ∞ (Ω) be real-valued functions. We assume that the sesquilinear form a given by
is sectorial, i.e., that there exists θ ∈ [0, π 2 ) such that
a ij ξ i ξ j ∈ Σ θ := re iτ : r ≥ 0, |τ | ≤ θ almost everywhere on Ω for all ξ ∈ C N . We also assume that a is locally strongly elliptic, i.e., that for every compact set K ⊂ Ω there exists α K > 0 such that There is also a more direct way to obtain pointwise convergence in the above situation. By Theorem 4.5, the semigroup (T (t)) t≥0 on L 1 (Ω) converges strongly to its mean ergodic projection P and it follows from the closed graph theorem that T (1) is a continuous mapping from in C(Ω), i.e., uniformly on compact subsets of Ω.
